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Abstract
In this paper, we mainly study structure of multiplicative simple Hom-Jordan alge-
bras. We talk about equivalent conditions for multiplicative Hom-Jordan algebras being
solvable, simple and semi-simple. As an application, we give a theorem about classifica-
tion of multiplicative simple Hom-Jordan algebras. Moreover, some propositions about
bimodules of multiplicative Hom-Jordan algebras are also displayed.
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1 Introduction
Algebras where the identities defining the structure are twisted by a homomorphism
are called Hom-algebras. Many predecessors have investigated in Hom-algebras in the
literature recently. The theory of Hom-algebras started from Hom-Lie algebras introduced
and discussed in [5, 8–10]. Hom-associative algebras were introduced in [13] while Hom-
Jordan algebras were introduced in [12] as a twisted generalization of Jordan algebras.
The structures of Hom-algebras seems to be more complex because of variety of
twisted maps. But structures of original algebras are pretty clear. So one of the way to
study the structure of Hom-algebras is to look for the relationship between Hom-algebras
and their induced algebras. In [13], A. Makhlouf and S. D. Silvestrov introduced struc-
ture of Hom-associative algebras and Hom-Leibniz algebras together with their induced
algebras, which were generalizations about associative algebras, Leibniz algebras and Lie
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admissible algebras. In [11], X. X. Li studied the structure of multiplicative Hom-Lie al-
gebras and gave equivalent conditions for a multiplicative Hom-Lie algebra to be solvable,
simple and semi-simple. By similar analysis, we come to the case in Hom-Jordan algebras
successfully in this paper.
It’s well known that simple algebras play an important role in structure theory. Sim-
ilarly, it is very necessary to study simple Hom-algebras in Hom-algebras theory. In [4],
X. Chen and W. Han gave the classification theorem about multiplicative simple Hom-Lie
algebras. Using some theorems got in Section 3, we generalized the above classification
theorem into Hom-Jordan algebras.
Nowadays, one of the most modern trends in mathematics has to do with representa-
tions and deformations. The two topics are important tools in most parts of Mathematics
and Physics. Representations of Hom-Lie algebras were introduced and studied in [3,15].
But representations of Hom-Jordan algebras is much later. Until 2018, Attan gave the
definition of bimodules of Hom-Jordan algebras in his paper [1]. In [2], B. Agrebaoui,
K. Benali and A. Makhlouf studied representations of simple Hom-Lie algebras and gave
some propositions about it. In this paper, we also give some propositions about bimodules
of Hom-Jordan algebras using similar methods.
The paper is organised as follows: In Section 2, we will introduced some basic def-
initions and prove a few lemmas which can be used in what follow. In Section 3, we
mainly show that three important theorems, i.e., Theorems 3.3, 3.5 and 3.6, which are
about solvability, simpleness and semi-simpleness of multiplicative Hom-Jordan algebras
respectively. In Section 4, we give a theorem(Theorem 4.1) about the construction of n-
dimensional simple Hom-Jordan algebras at first. Next we give our main theorem in this
section, Theorem 4.3, which is about classifications of multiplicative simple Hom-Jordan
algebras. In Section 5, we’ll prove a very important theorem, Theorem 5.3, which talks
about the relationship between bimodules of Hom-Jordan algebras and modules of their
induced Jordan algebras. Moreover, some propositions about bimodules of multiplicative
simple Hom-Jordan algebras are also displayed as applications of Theorem 5.3.
2 Preliminaries
Definition 2.1. [14] An algebra J over a field F is a Jordan algebra satisfying for any
x, y ∈ J ,
(1) x ◦ y = y ◦ x;
(2) (x2 ◦ y) ◦ x = x2 ◦ (y ◦ x).
Definition 2.2. [12] A Hom-Jordan algebra over a field F is a triple (V, µ, α) consisting
of a linear space V , a bilinear map µ : V × V → V which is commutative and a linear
map α : V → V satisfying for any x, y ∈ V ,
µ(α2(x), µ(y, µ(x, x))) = µ(µ(α(x), y), α(µ(x, x))),
2
where α2 = α ◦ α.
Definition 2.3. A Hom-Jordan algebra (V, µ, α) is called multiplicative if for any x, y ∈
V , α(µ(x, y)) = µ(α(x), α(y)).
Definition 2.4. [6] A subspace W ⊆ V is a Hom-subalgebra of (V, µ, α) if α(W ) ⊆ W
and
µ(x, y) ∈ W, ∀x, y ∈ W.
Definition 2.5. [6] A subspace W ⊆ V is a Hom-ideal of (V, µ, α) if α(W ) ⊆W and
µ(x, y) ∈ W, ∀x ∈ W, y ∈ V.
Definition 2.6. [6] Let (V, µ, α) and (V
′
, µ
′
, β) be two Hom-Jordan algebras. A linear
map φ : V → V
′
is said to be a homomorphism of Hom-Jordan algebras if
(1) φ(µ(x, y)) = µ
′
(φ(x), φ(y));
(2) φ ◦ α = β ◦ φ.
In particular, φ is an isomorphism if φ is bijective.
Definition 2.7. A Hom-Jordan algebra (V, µ, α) is called a Jordan-type Hom-Jordan
algebra if there exists a Jordan algebra (V, µ
′
) such that
µ(x, y) = α(µ
′
(x, y)) = µ
′
(α(x), α(y)), ∀x, y ∈ V,
and (V, µ
′
) is called the induced Jordan algebra.
Lemma 2.8. (1) Suppose that (V, µ) is a Jordan algebra and α : V → V is a homo-
morphism. Then (V, µα, α) is a multiplicative Hom-Jordan algebra where µα(x, y) =
α(µ(x, y)), ∀x, y ∈ V .
(2) Suppose that (V, µ, α) is a multiplicative Hom-Jordan algebra and α is invertible.
Then (V, µ, α) is a Jordan-type Hom-Jordan algebra and its induced Jordan algebra
is (V, µ
′
) where µ
′
(x, y) = α−1(µ(x, y)), ∀x, y ∈ V .
Proof. (1). We have µα is commutative since µ is commutative.
For all x, y ∈ V , we have
µα(α
2(x), µα(y, µα(x, x))) = α(µ(α
2(x), α(µ(y, α(µ(x, x))))))
= µ(α3(x), µ(α2(y), µ(α3(x), α3(x)))) = µ(µ(α3(x), α2(y)), µ(α3(x), α3(x)))
= α(µ(α(µ(α(x), y)), α2(µ(x, x)))) = µα(µα(α(x), y), α(µα(x, x))),
which implies that (V, µα, α) is a Hom-Jordan algebra.
α(µα(x, y)) = α
2(µ(x, y)) = α(µ(α(x), α(y))) = µα(α(x), α(y)),
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which implies that (V, µα, α) is multiplicative. Hence, (V, µα, α) is a multiplicative Hom-
Jordan algebra.
(2). We have µ
′
is commutative since µ is commutative.
For any x, y ∈ V , we have
µ
′
(µ
′
(µ
′
(x, x), y), x) = α−1(µ(α−1(µ(α−1(µ(x, x)), y)), x))
= α−3(µ(µ(µ(x, x), α(y)), α2(x))) = α−3(µ(α(µ(x, x)), µ(α(y), α(x))))
= α−1(µ(α−1(µ(x, x)), α−1(µ(y, x)))) = µ
′
(µ
′
(x, x), µ
′
(y, x)),
which implies that (V, µ
′
) is a Jordan algebra.
It’s obvious that µ(x, y) = α(µ
′
(x, y)) = µ
′
(α(x), α(y)) for any x, y ∈ V . Hence,
(V, µ, α) is a Jordan-type Hom-Jordan algebra.
Definition 2.9. Suppose that (V, µ, α) is a Hom-Jordan algebra. Define its derived se-
quences as follow:
V (1) = µ(V, V ), V (2) = µ(V (1), V (1)), · · · , V (k) = µ(V (k−1), V (k−1)), · · · .
If there exists m ∈ Z+ such that V (m) = 0, then (V, µ, α) is called solvable.
Definition 2.10. Suppose that (V, µ, α) is a Hom-Jordan algebra and α 6= 0. If (V, µ, α)
has no non trivial Hom-ideals and satisfies µ(V, V ) = V , then (V, µ, α) is called simple.
If
V = V1 ⊕ V2 ⊕ · · · ⊕ Vs,
where Vi(1 ≤ i ≤ s) are simple Hom-ideals of (V, µ, α), then (V, µ, α) is called semi-simple.
Proposition 2.11. Suppose that (V1, µ1α, α) and (V2, µ2β, β) are two Jordan-type Hom-
Jordan algebras and β is injective. Then φ is an isomorphism from (V1, µ1α, α) to (V2, µ2β, β)
if and only if φ is an isomorphism between their induced Jordan algebras (V1, µ1) and
(V2, µ2) and φ satisfies β ◦ φ = φ ◦ α.
Proof. (⇒) For any x, y ∈ V1, we have
φ(µ1α(x, y)) = µ2β(φ(x), φ(y)),
i.e.,
φ(α(µ1(x, y))) = β(µ2(φ(x), φ(y))).
Note that φ ◦ α = β ◦ φ, we have
β(φ(µ1(x, y))) = β(µ2(φ(x), φ(y))).
Since β is injective, we have
φ(µ1(x, y)) = µ2(φ(x), φ(y)),
4
which implies that φ is an isomorphism from (V1, µ1) to (V2, µ2).
(⇐) For any x, y ∈ V1, we have
φ(µ1α(x, y)) = φ(α(µ1(x, y))) = β(φ(µ1(x, y)))
= β(µ2(φ(x), φ(y))) = µ2β(φ(x), φ(y)),
note that β ◦ φ = φ ◦α, we have φ is an isomorphism from (V1, µ1α, α) to (V2, µ2β, β).
Lemma 2.12. Multiplicative simple Hom-Jordan algebras with α 6= 0 are Jordan-type
Hom-Jordan algebras.
Proof. Suppose that (V, µ, α) is a multiplicative simple Hom-Jordan algebra. Ac-
cording to Lemma 2.8 (2), we only need to show that α is invertible. If α is not invertible,
then Ker(α) 6= 0. It’s obvious that α(Ker(α)) ⊆ Ker(α). For any x ∈ Ker(α), y ∈ V ,
we have
α(µ(x, y)) = µ(α(x), α(y)) = µ(0, α(y)) = 0,
which implies that µ(Ker(α), V ) ⊆ Ker(α). Then Ker(α) is a non trivial Hom-ideal of
(V, µ, α), contradicting with (V, µ, α) is simple. Therefore, Ker(α) = 0, i.e., α is invertible.
Hence, (V, µ, α) is a Jordan-type Hom-Jordan algebra.
Now we recall a corollary about Proposition 2.11 using Lemma 2.12.
Corollary 2.13. The two multiplicative simple Hom-Jordan algebras (V1, µ1α, α) and
(V2, µ2β, β) are isomorphic if and only if there exists an isomorphism φ between their
induced Jordan algebras (V1, µ1) and (V2, µ2) and φ satisfies β ◦ φ = φ ◦ α.
3 Structures of Multiplicative Hom-Jordan algebras
In this section, we talk about sufficient and necessary conditions that multiplicative
Hom-Jordan algebras are solvable, simple and semi-simple.
Proposition 3.1. Suppose that (V, µ, α) is a multiplicative Hom-Jordan algebra and I is
a Hom-ideal of (V, µ, α). Then (V/I, µ¯, α¯) is a multiplicative Hom-Jordan algebra where
µ¯(x¯, y¯) = µ(x, y), α¯(x¯) = α(x) for all x¯, y¯ ∈ V/I.
Proof. We have µ¯ is commutative since µ is commutative.
For any x¯, y¯ ∈ V/I, we have
µ¯(α¯2(x¯), µ¯(y¯, µ¯(x¯, x¯))) = µ(α2(x), µ(y, µ(x, x)))
= µ(µ(α(x), y), α(µ(x, x))) = µ¯(µ¯(α¯(x¯), y¯), α¯(µ¯(x¯, x¯))).
Hence, (V/I, µ¯, α¯) is a Hom-Jordan algebra.
α¯(µ¯(x¯, y¯)) = α(µ(x, y)) = µ(α(x), α(y)) = µ¯(α¯(x¯, y¯)),
which implies that (V/I, µ¯, α¯) is multiplicative.
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Corollary 3.2. Suppose that (V, µ, α) is a multiplicative Hom-Jordan algebra and satisfies
α2 = α. Then (V/Ker(α), µ¯, α¯) is a Jordan-type Hom-Jordan algebra.
Proof. If α is invertible, Ker(α) = 0. According to Lemma 2.8 (2), the conclusion
is valid. If α isn’t invertible, according to the proof of Lemma 2.12, we have Ker(α) is
a Hom-ideal of (V, µ, α). Then we have (V/Ker(α), µ¯, α¯) is a multiplicative Hom-Jordan
algebra according to Proposition 3.1. Now we show that α¯ is invertible on V/Ker(α).
Assume that x¯ ∈ Ker(α¯). Then we have α(x) = α¯(x¯) = 0¯, i.e., α(x) ∈ Ker(α). Note
that α2 = α, we have
α(x) = α2(x) = α(α(x)) = 0,
which implies that x ∈ Ker(α), i.e., x¯ = 0¯. Hence, α¯ is invertible. According to Lemma
2.8 (2), (V/Ker(α), µ¯, α¯) is a Jordan-type Hom-Jordan algebra.
Theorem 3.3. Suppose that (V, µ, α) is a multiplicative Hom-Jordan algebra and α is
invertible. Then (V, µ, α) is solvable if and only if its induced Jordan algebra (V, µ
′
) is
solvable.
Proof. Denote the derived series of (V, µ
′
) and (V, µ, α) by V (i), V
(i)
α (i = 1, 2, · · · )
respectively.
Suppose that (V, µ
′
) is solvable. Then there exists m ∈ Z+ such that V (m) = 0.
Note that
V (1)α = µ(V, V ) = α(µ
′
(V, V )) = α(V (1)),
V (2)α = µ(V
(1)
α , V
(1)
α ) = µ(α(V
(1)), α(V (1))) = α2(µ
′
(V (1), V (1))) = α2(V (2)),
we have V
(m)
α = αm(V (m)) by induction. Hence, V
(m)
α = 0, i.e., (V, µ, α) is solvable.
On the other hand, assume that (V, µ, α) is solvable. Then there exists m ∈ Z+ such
that V
(m)
α = 0. We have V
(m)
α = αm(V (m)) by the above proof. Hence we have V (m) = 0
since α is invertible. Therefore, (V, µ
′
) is solvable.
Lemma 3.4. Suppose that an algebra A over F has the unique decomposition of direct sum
of simple ideals A = ⊕si=1Ai where Ai aren’t isomorphic to each other and α ∈ Aut(A).
Then α(Ai) = Ai(1 ≤ i ≤ s).
Proof. For any 1 ≤ i ≤ s, we have
α(Ai)A = α(Ai)α(A) = α(AiA) ⊆ α(Ai)
since Ai are ideals of A. Similarly, we have Aα(Ai) ⊆ α(Ai). Hence, α(Ai) are also ideals
of A. Moreover, α(Ai) are simple since Ai are simple.
Note that A = ⊕si=1Ai, we have
A = α(A) = α(⊕si=1Ai) = ⊕
s
i=1α(Ai).
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Note that the decomposition is unique, there exists 1 ≤ j ≤ s such that α(Ai) = Aj
for any 1 ≤ i ≤ s.
If j 6= i, then we have
Ai ∼= α(Ai) = Aj,
contradicting with the assumption that Ai aren’t isomorphic to each other. Hence, we
have α(Ai) = Ai(1 ≤ i ≤ s) for any s ∈ N.
Theorem 3.5. (1) Suppose that (V, µ, α) is a multiplicative simple Hom-Jordan alge-
bra. Then its induced Jordan algebra (V, µ
′
) is semi-simple. Moreover, (V, µ
′
) can be
decomposed into direct sum of isomorphic simple ideals, in addition, α acts simply
transitively on simple ideals of the induced Jordan algebra.
(2) Suppose that (V, µ
′
) is a simple Jordan algebra and α ∈ Aut(V ). Define µ : V ×V →
V by
µ(x, y) = α(µ
′
(x, y)), ∀x, y ∈ V,
then (V, µ, α) is a multiplicative simple Hom-Jordan algebra.
Proof. (1) According to the proof of Lemma 2.8 (2) and Lemma 2.12, we have α is
both an automorphism of (V, µ, α) and (V, µ
′
).
Suppose that V1 is the maximal solvable ideal of (V, µ
′
). Then there exists m ∈ Z+
such that V
(m)
1 = 0.
Note that
µ
′
(α(V1), V ) = µ
′
(α(V1), α(V )) = α(µ
′
(V1, V )) ⊆ α(V1),
(α(V1))
(m) = α(V
(m)
1 ) = 0,
we have α(V1) is also a solvable ideal of (V, µ
′
). Then we have α(V1) ⊆ V1. Moreover,
µ(V1, V ) = α(µ
′
(V1, V )) ⊆ α(V1) ⊆ V1,
so V1 is a Hom-ideal of (V, µ, α). Then we have V1 = 0 or V1 = V since (V, µ, α) is simple.
If V1 = V , according to the proof of Theorem 3.3, we have
V (m)α = α
m(V (m)) = αm(V
(m)
1 ) = 0,
on the other hand, V = µ(V, V ) since (V, µ, α) is simple. Then we have V
(m)
α = V .
Contradiction. Hence, V1 = 0. Therefore, (V, µ
′
) is semi-simple.
Since (V, µ
′
) is semi-simple, we have V = ⊕si=1Vi, where Vi(1 ≤ i ≤ s) are simple
ideals of (V, µ
′
). Because there may be isomorphic Jordan algebras in V1, V2, · · · , Vs, we
rearrange the order as the following
V = V11 ⊕ V12 ⊕ · · · ⊕ V1m1 ⊕ V21 ⊕ V22 ⊕ · · · ⊕ V2m2 ⊕ · · · ⊕ Vt1 ⊕ Vt2 ⊕ · · · ⊕ Vtmt ,
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where
(Vij, µ
′
) ∼= (Vik, µ
′
), 1 ≤ j, k ≤ mi, i = 1, 2, · · · , t.
According to Lemma 3.4, we have
α(Vi1 ⊕ Vi2 ⊕ · · · ⊕ Vimi) = Vi1 ⊕ Vi2 ⊕ · · · ⊕ Vimi ,
µ(Vi1 ⊕ Vi2 ⊕ · · · ⊕ Vimi, V ) = α(µ
′
(Vi1 ⊕ Vi2 ⊕ · · · ⊕ Vimi , V ))
⊆ α(Vi1 ⊕ Vi2 ⊕ · · · ⊕ Vimi) = Vi1 ⊕ Vi2 ⊕ · · · ⊕ Vimi,
we have Vi1⊕Vi2⊕· · ·⊕Vimi are Hom-ideals of (V, µ, α). Since (V, µ, α) is simple, we have
Vi1 ⊕ Vi2 ⊕ · · · ⊕ Vimi = 0 or V . So all but one Vi1 ⊕ Vi2 ⊕ · · · ⊕ Vimi must be 0. Without
loss of generality, we can assume
V = V11 ⊕ V12 ⊕ · · · ⊕ V1m1 .
When m1 = 1, (V, µ
′
) is simple. When m1 > 1, if
α(V1p) = V1p(1 ≤ p ≤ m1),
then V1p is a non trivial ideal of (V, µ, α), which contradicts with the fact that (V, µ, α) is
simple. Hence,
α(V1p) = V1l(1 ≤ l 6= p ≤ m1).
In addition, it is easy to show that V11 ⊕ α(V11) ⊕ · · · ⊕ α
m1−1(V11) is a Hom-ideal of
(V, µ, α). Therefore,
V = V11 ⊕ α(V11)⊕ · · · ⊕ α
m1−1(V11).
That is α acts simply transitively on simple ideals of the induced Jordan algebra.
(2) Suppose that (V, µ
′
) is a simple Jordan algebra. According to Lemma 2.8 (1), we
have (V, µ, α) is a multiplicative Hom-Jordan algebra. Suppose that V1 is a non trivial
Hom-ideal of (V, µ, α), then we have
µ
′
(V1, V ) = α
−1(µ(V1, V )) ⊆ α
−1(V1) = V1.
So V1 is a non trivial ideal of (V, µ
′
), contradiction. So (V, µ, α) has no non trivial ideal.
If µ(V, V ) $ V , then
µ
′
(V, V ) = α−1(µ(V, V )) $ α−1(V ) = V,
contradicting with (V, µ
′
) is a simple Jordan algebra. Hence, (V, µ, α) is simple.
Theorem 3.6. (1) Suppose that (V, µ, α) is a multiplicative semi-simple Hom-Jordan al-
gebra. Then (V, µ, α) is a Jordan-type Hom-Jordan algebra and its induced Jordan
algebra (V, µ
′
) is also semi-simple.
(2) Suppose that (V, µ
′
) is a semi-simple Jordan algebra and has the decomposition V =
⊕si=1Vi where Vi(1 ≤ i ≤ s) are simple ideals of (V, µ
′
). α ∈ Aut(V ) satisfies α(Vi) =
Vi(1 ≤ i ≤ s). Then (V, µ, α) is a multiplicative semi-simple Hom-Jordan algebra and
has the unique decomposition.
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Proof. (1) According to the assumption, (V, µ, α) has the decomposition V = ⊕si=1Vi
where Vi(1 ≤ i ≤ s) are simple Hom-ideals of (V, µ, α). Then (Vi, µ, α|Vi)(1 ≤ i ≤ s) are
simple Hom-Jordan algebras. According to the proof of Lemma 2.12, α|Vi is invertible.
Therefore, α is invertible on V . According to Lemma 2.8 (2), (V, µ, α) is a Jordan-
type Hom-Jordan algebra and its induced Jordan algebra is (V, µ
′
) where µ
′
(x, y) =
α−1(µ(x, y)) for all x, y ∈ V .
According to the proof of Theorem 3.5 (2), Vi(i = 1, 2, · · · , s) are ideals of (V, µ
′
).
Moreover, (Vi, µ
′
) are induced Jordan algebras of simple Hom-Jordan algebras (Vi, µ, α|Vi)
respectively. According to Theorem 3.5 (1), (Vi, µ
′
) are semi-simple Jordan algebras and
can be decomposed into direct sum of isomorphic simple ideals Vi = Vi1⊕Vi2⊕· · ·⊕Vimi .
Therefore, (V, µ
′
) is semi-simple and has the decomposition of direct sum of simple ideals
V = V11 ⊕ V12 ⊕ · · · ⊕ V1m1 ⊕ V21 ⊕ V22 ⊕ · · · ⊕ V2m2 ⊕ · · · ⊕ Vs1 ⊕ Vs2 ⊕ · · · ⊕ Vsms.
(2) According to Lemma 2.8 (1), (V, µ, α) is a multiplicative Hom-Jordan algebra.
For all 1 ≤ i ≤ s, we have
µ(Vi, V ) = α(µ
′
(Vi, V )) ⊆ α(Vi) = Vi,
note that α(Vi) = Vi, we have Vi are Hom-ideals of (V, µ, α).
If there exists Vi0 $ Vi is a non trivial Hom-ideal of (Vi, µ, α|Vi), then we have
µ(Vi0, V ) = µ(Vi0, V1 ⊕ V2 ⊕ · · · ⊕ Vs) = µ(Vi0, Vi) ⊆ Vi0,
so Vi0 is a non trivial Hom-ideal of (V, µ, α). According to the proof of Theorem 3.5 (2),
Vi0 is also a non trivial ideal of (V, µ
′
). Hence, Vi0 is also a non trivial ideal of (Vi, µ
′
).
Contradiction. Hence, Vi(i = 1, 2, · · · , s) are simple Hom-ideals of (V, µ, α). Therefore,
(V, µ, α) is semi-simple and has the unique decomposition.
Proposition 3.7. Suppose that (V, µ, α) is a multiplicative Hom-Jordan algebra satisfying
α2 = α and µ(Im(α), V ) ⊆ Im(α). Then (V, µ, α) is isomorphic to the decomposition of
direct sum of Hom-Jordan algebras
V ∼= (V/Ker(α))⊕Ker(α).
Proof. Set V1 = (V/Ker(α))⊕Ker(α). According to Corollary 3.2, (V/Ker(α), µ¯, α¯)
is a Hom-Jordan algebra. It’s obvious that (Ker(α), µ, α|Ker(α)) is a Hom-Jordan algebra.
Define µ1 : V1 × V1 → V1 and α1 : V1 → V1 by
µ1((x¯, k1), (y¯, k2)) = (µ(x, y), µ(k1, k2)).
α1((x¯, k1)) = (α(x), 0).
Then (V1, µ1, α1) is a Hom-Jordan algebra and V1 = (V/Ker(α))⊕Ker(α) is the direct
sum of ideals.
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Now we show that (V, µ, α) ∼= (V1, µ1, α1). According to the assumption, we have
Im(α) is a Hom-ideal of (V, µ, α). For any x ∈ Ker(α) ∩ Im(α), there exists y ∈ V such
that x = α(y). Then we have
0 = α(x) = α2(y) = α(y) = x,
so Ker(α) ∩ Im(α) = {0}. So for any x ∈ V , we have x = x − α(x) + α(x) where
x− α(x) ∈ Ker(α) and α(x) ∈ Im(α). Therefore, V = Ker(α)⊕ Im(α).
Obviously, (Im(α), µ, α|Im(α)) is a Hom-Jordan algebra.
Next we’ll show that (Im(α), µ, α|Im(α)) ∼= (V/Ker(α), µ¯, α¯). Define ϕ : V/Ker(α)→
Im(α) by ϕ(x¯) = α(x) for all x¯ ∈ V/Ker(α). Obviously, ϕ is bijective. For all x¯, y¯ ∈
V/Ker(α), we have
ϕ(µ¯(x¯, y¯)) = ϕ(µ(x, y)) = α(µ(x, y)) = µ(α(x), α(y)) = µ(ϕ(x¯), ϕ(y¯)),
ϕ(α¯(x¯)) = ϕ(α(x)) = α2(x) = α(ϕ(x¯)),
which implies that ϕ◦α¯ = α◦ϕ. Therefore, ϕ is an isomorphism, i.e., (Im(α), µ, α|Im(α)) ∼=
(V/Ker(α), µ¯, α¯). Therefore, V = Ker(α)⊕ Im(α) ∼= (V/Ker(α))⊕Ker(α).
4 Classifications of multiplicative simple Hom-Jordan
algebras
In this section, we’ll give a theorem about classifications of multiplicative simple
Hom-Jordan algebras. At first, we give a construction of n-dimensional simple Hom-
Jordan algebras.
Theorem 4.1. There exist n-dimensional simple Hom-Jordan algebras for any n ∈ Z+.
Proof. Let {ai¯|i ∈ Zn} be a basis of n-dimensional vector space V over C. Define a
bilinear symmetric binary operation µ : V × V → V :
µ(ai¯, ai+1) = µ(ai+1, ai¯) = ai+2,
others are all zero.
Then for any linear map α ∈ End(V ), (V, µ, α) is a Hom-Jordan algebra. Next, we
prove that (V, µ, α) is simple. Clearly, we have µ(V, V ) = V .
Let W be a nonzero Hom-ideal of (V, µ, α), then there exists a nonzero element
x =
∑n−1
i=0 xiai¯ ∈ W . Suppose that xt 6= 0. Since xtat+2 = µ(at¯, µ(at−1, x)) ∈ W , we have
at+2 ∈ W , so an−2, an−1 ∈ W . So a0¯ = µ(an−2, an−1) ∈ W , a1¯ = µ(an−1, a0¯) ∈ W . Hence,
we have all ai¯(i ∈ Zn) ∈ W . Therefore W = V and (V, µ, α) is simple.
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According to Theorem 3.5 (1) and Corollary 2.13, the dimension of a multiplicative
simple Hom-Jordan algebra can only be an integer multiple of dimensions of simple Jordan
algebras.
By Theorem 3.5 (1) and Corollary 2.13, in order to classify multiplicative simple
Hom-Jordan algebras, we just classify automorphism on their induced Jordan algebras, in
particular, automorphism on semi-simple Jordan algebras which are direct sum of finite
isomorphic simple ideals.
Theorem 4.2. Let J be a semi-simple Jordan algebra and its n simple ideals are isomor-
phic mutually, moreover J can be generated by its automorphism α(or β) and any simple
ideal. Taking αn = α
n, βn = β
n, then αn(or βn) leaves each simple ideal of J invariant.
Then there exists an automorphism ϕ on J satisfying ϕ ◦ α = β ◦ ϕ if and only if there
exists an automorphism φ on the simple ideal of J satisfying φ ◦ αn = βn ◦ φ.
Proof. Let J1 be a simple ideal of J . Since αn(or βn) leaves each simple ideal of J
invariant, we have αn(J1) = J1(or β
n(J1) = J1) and we have
J = J1 ⊕ α(J1)⊕ · · · ⊕ α
n−1(J1)
or J = J1 ⊕ β(J1)⊕ · · · ⊕ β
n−1(J1)
since J can be generated by its automorphism α(or β) and any simple ideal.
Choose a basis x = (x1, x2, · · · , xm) of J1, then
x
′
= (x, α(x), α2(x), · · · , αn−1(x)), x
′′
= (x, β(x), β2(x), · · · , βn−1(x))
are both bases of J . Let α(x
′
) = x
′
A, β(x
′′
) = x
′′
B, then
A =


0 A1
I 0
I 0
. . .
. . .
I 0

 , B =


0 B1
I 0
I 0
. . .
. . .
I 0

 ,
where αn(x) = xA1, βn(x) = xB1.
If there exists an automorphism φ on J1 such that φ ◦ αn = βn ◦ φ, let φ(x) =
xM , then MA1 = B1M . Defining ϕ(x
′
) = x
′′
diag(M, · · · ,M). Then we have ϕ(x
′
) =
(φ(x), β(φ(x)), · · · , βn−1(φ(x))). It’s easy to verify that ϕ is an automorphism since φ is
an automorphism. Moreover,
ϕ ◦ α(x
′
) = x
′′


M
M
. . .
. . .
M




0 A1
I 0
I 0
. . .
. . .
I 0


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= x
′′


0 · · · · · · 0 MA1
M 0
M 0
. . .
M 0

 ,
β ◦ ϕ(x
′
) = x
′′


0 B1
I 0
I 0
. . .
. . .
I 0




M
M
. . .
. . .
M


= x
′′


0 · · · · · · 0 B1M
M 0
M 0
. . .
M 0

 .
Note that MA1 = B1M , we have ϕ ◦ α = β ◦ ϕ.
Now suppose that there exists an automorphism ϕ on J satisfying ϕ ◦ α = β ◦ ϕ.
According to the proof of Lemma 3.4, there exists 0 ≤ i ≤ n−1 such that ϕ(J1) = β
i(J1).
Then ϕ ◦ αj(J1) = β
i+j(J1)(0 ≤ i, j ≤ n − 1). Let ϕ(x) = β
i(x)M1, then ϕ(x
′
) = x
′′
M ,
where 

M1
M1
. . .
. . .
M1

 (i = 0),


1 · · · n− i n− i+ 1 · · · n
1 B1M1
2 B1M1
...
. . .
i B1M1
i+ 1 M1
...
. . .
n M1


(1 ≤ i ≤ n− 1). (1)
Defining φ(x) = xM1, then we have
ϕ(x
′
) =
{
(φ(x), β(φ(x)), · · · , βn−1(φ(x))), (i = 0)
(βi(φ(x)), · · · , βn−1(φ(x)), βn(φ(x)), · · · , βn+i−1(φ(x))), (1 ≤ i ≤ n− 1)
Therefore, φ is an automorphism on J1 since ϕ is an automorphism on J . Moreover, we
have φ ◦ αn = βn ◦ φ since ϕ ◦ α = β ◦ ϕ.
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By Theorem 4.2, it is obvious that two multiplicative simple Hom-Jordan algebras
(V1, µ1, α) and (V2, µ2, β) are isomorphic if and only if the automorphism α
n and βn on two
simple ideals (as simple Jordan algebras) of the corresponding induced Jordan algebras
are conjugate.
Combing Corollary 2.13, Theorem 3.5 (1) and Theorem 4.2, we get the following
theorem.
Theorem 4.3. All finite dimensional multiplicative simple Hom-Jordan algebras can be
denoted as (X, n,Γα), where X represents the type of the simple ideal (as the simple
Jordan algebra) of the corresponding induced Jordan algebra, n represents numbers of
simple ideals, Γα represents the set of conjugate classes of the automorphism α
n of the
simple Jordan algebra X, i.e., Γα = {φ ◦ α
n ◦ φ−1|φ ∈ Aut(X)}.
5 Bimodules of multiplicative simple Hom-Jordan al-
gebras
In this section, we mainly study bimodules of multiplicative simple Hom-Jordan al-
gebras. We will give a theorem about the relationship between bimodules of Jordan-type
Hom-Jordan algebras and modules of their induced Jordan algebras. Moreover, some
propositions about bimoudles of multiplicative simple Hom-Jordan algebras are also dis-
played.
Definition 5.1. [1] Let (V, µ, α) be a Hom-Jordan algebra. A V -bimodule is a Hom-
module (W,αW ) that comes equipped with a left structure map ρl : V ⊗W → W (ρl(a⊗w) =
a ·w) and a right structure map ρr : W⊗V →W (ρl(w⊗a) = w ·a) such that the following
conditions:
(1) ρr ◦ τ1 = ρl where τ1 : V ⊗W →W ⊗ V , a⊗ w 7→ w ⊗ a;
(2) αW (w ·a) ·α(µ(b, c))+αW (w · b) ·α(µ(c, a))+αW(w · c) ·α(µ(a, b)) = (αW (w) ·µ(b, c)) ·
α2(a) + (αW (w) · µ(c, a)) · α
2(b) + (αW (w) · µ(a, b)) · α
2(c);
(3) αW (w · a) ·α(µ(b, c)) +αW (w · b) ·α(µ(c, a)) +αW (w · c) ·α(µ(a, b)) = ((w · a) ·α(b)) ·
α2(c) + ((w · c) · α(b)) · α2(a) + µ(µ(a, c), α(b)) · α2W (w);
holds for all a, b, c ∈ V , w ∈ W .
Definition 5.2. [7] A Jordan module is a system consisting of a vector space V , a Jordan
algebra J , and two compositions x ·a, a ·x for x in V , a in J which are bilinear and satisfy
(i) a · x = x · a,
(ii) (x ·a) ·(b◦c)+(x ·b) ·(c◦a)+(x ·c) ·(a◦b) = (x ·(b◦c)) ·a+(x ·(c◦a)) ·b+(x ·(a◦b)) ·c,
(iii) (((x·a)·b)·c)+(((x·c)·b)·a)+x·(a◦c◦b) = (x·a)·(b◦c)+(x·b)·(c◦a)+(x·c)·(a◦b),
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where x ∈ V, a, b, c ∈ J , and a1 ◦ a2 ◦ a3 stands for ((a1 ◦ a2) ◦ a3).
Theorem 5.3. Let (V, µ, α) be a Jordan-type Hom-Jordan algebra with (V, µ
′
) the induced
Jordan algebra.
(1) Let (W,αW ) be a V -bimodule of (V, µ, α) with ρl(ρr) the left structure map(respectively,
the right structure map). Suppose that αW is invertible and satisfies αW (w · a) =
αW (w) · α(a) for all a ∈ V , w ∈ W . Then W is a module of the induced Jordan
algebra (V, µ
′
) with two compositions w ·
′
a = α−1W (w · a), a ·
′
w = α−1W (a · w) for all
a ∈ V , w ∈ W .
(2) Let W be a module of the induced Jordan algebra (V, µ
′
) with two compositions w ·
′
a,
a ·
′
w for all a ∈ V , w ∈ W . If there exists αW ∈ End(W ) such that αW (w ·
′
a) =
αW (w) ·
′
α(a) for all a ∈ V , w ∈ W . Then (W,αW ) is a V -bimodule of (V, µ, α) with
the left structure map ρl : V ⊗W → W (ρl(a ⊗ w) = αW (a ·
′
w)), the right structure
map ρr : W ⊗ V →W (ρr(w ⊗ a) = αW (w ·
′
a)).
Proof. (1) For any x ∈ W , a, b, c ∈ V , we have
a ·
′
x = α−1W (a · x) = α
−1
W (ρl(a⊗ x)) = α
−1
W (ρr ◦ τ1(a⊗ x)) = α
−1
W (x · a) = x ·
′
a.
(x ·
′
a) ·
′
µ
′
(b, c) + (x ·
′
b) ·
′
µ
′
(c, a) + (x ·
′
c) ·
′
µ
′
(a, b)
= α−1W (α
−1
W (x · a) · α
−1(µ(b, c))) + α−1W (α
−1
W (x · b) · α
−1(µ(c, a)))
+ α−1W (α
−1
W (x · c) · α
−1(µ(a, b)))
= α−3W (α
2
W (α
−1
W (x · a) · α
−1(µ(b, c))) + α2W (α
−1
W (x · b) · α
−1(µ(c, a)))
+ α2W (α
−1
W (x · c) · α
−1(µ(a, b))))
= α−3W (αW ((x · a) · µ(b, c)) + αW ((x · b) · µ(c, a)) + αW ((x · c) · µ(a, b)))
= α−3W (αW (x · a) · α(µ(b, c)) + αW (x · b) · α(µ(c, a)) + αW (x · c) · α(µ(a, b)))
= α−3W ((αW (x) · µ(b, c)) · α
2(a) + (αW (x) · µ(c, a)) · α
2(b) + (αW (x) · µ(a, b)) · α
2(c))
= α−3W (αW (x · α
−1(µ(b, c))) · α2(a) + αW (x · α
−1(µ(c, a))) · α2(b)
+ αW (x · α
−1(µ(a, b))) · α2(c))
= α−3W (α
2
W (x ·
′
µ
′
(b, c)) · α2(a) + α2W (x ·
′
µ
′
(c, a)) · α2(b) + α2W (x ·
′
µ
′
(a, b)) · α2(c))
= α−3W (α
2
W ((x ·
′
µ
′
(b, c)) · a) + α2W ((x ·
′
µ
′
(c, a)) · b) + α2W ((x ·
′
µ
′
(a, b)) · c))
= α−1W ((x ·
′
µ
′
(b, c)) · a) + α−1W ((x ·
′
µ
′
(c, a)) · b) + α−1W ((x ·
′
µ
′
(a, b)) · c)
= (x ·
′
µ
′
(b, c)) ·
′
a + (x ·
′
µ
′
(c, a)) ·
′
b+ (x ·
′
µ
′
(a, b)) ·
′
c.
(x ·
′
a) ·
′
µ
′
(b, c) + (x ·
′
b) ·
′
µ
′
(c, a) + (x ·
′
c) ·
′
µ
′
(a, b)
= α−3W (αW (x · a) · α(µ(b, c)) + αW (x · b) · α(µ(c, a)) + αW (x · c) · α(µ(a, b)))
= α−3W (((x · a) · α(b)) · α
2(c) + ((x · c) · α(b)) · α2(a) + µ(µ(a, c), α(b)) · α2W (x))
= α−3W ((αW (x ·
′
a) · α(b)) · α2(c) + (αW (x ·
′
c) · α(b)) · α2(a)
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+ α(µ
′
(α(µ
′
(a, c)), α(b))) · α2W (x))
= α−3W (αW ((x ·
′
a) · b) · α2(c) + αW ((x ·
′
c) · b) · α2(a) + α2(µ
′
(µ
′
(a, c), b)) · α2W (x))
= α−3W (α
2
W ((x ·
′
a) ·
′
b) · α2(c) + α2W ((x ·
′
c) ·
′
b) · α2(a) + α2(µ
′
(µ
′
(a, c), b)) · α2W (x))
= α−3W (α
2
W (((x ·
′
a) ·
′
b) · c) + α2W (((x ·
′
c) ·
′
b) · a) + α2W (µ
′
(µ
′
(a, c), b) · x))
= α−1W (((x ·
′
a) ·
′
b) · c) + α−1W (((x ·
′
c) ·
′
b) · a) + α−1W (µ
′
(µ
′
(a, c), b) · x)
= ((x ·
′
a) ·
′
b) ·
′
c+ ((x ·
′
c) ·
′
b) ·
′
a+ µ
′
(µ
′
(a, c), b) ·
′
x.
Therefore, W is a module of the induced Jordan algebra (V, µ
′
).
(2) For any w ∈ W , a, b, c ∈ V , we have
ρr ◦ τ1(a⊗ w) = αW (w ·
′
a) = αW (a ·
′
w) = ρl(a⊗ w),
which implies that ρr ◦ τ1 = ρl.
αW (w · a) · α(µ(b, c)) + αW (w · b) · α(µ(c, a)) + αW (w · c) · α(µ(a, b))
= αW (α
2
W (w ·
′
a) ·
′
α2(µ
′
(b, c))) + αW (α
2
W (w ·
′
b) ·
′
α2(µ
′
(c, a)))
+ αW (α
2
W (w ·
′
c) ·
′
α2(µ
′
(a, b)))
= αW (α
2
W ((w ·
′
a) ·
′
µ
′
(b, c)) + α2W ((w ·
′
b) ·
′
µ
′
(c, a)) + α2W ((w ·
′
c) ·
′
µ
′
(a, b)))
= α3W ((w ·
′
a) ·
′
µ
′
(b, c) + (w ·
′
b) ·
′
µ
′
(c, a) + (w ·
′
c) ·
′
µ
′
(a, b))
= α3W ((w ·
′
µ
′
(b, c)) ·
′
a + (w ·
′
µ
′
(c, a)) ·
′
b+ (w ·
′
µ
′
(a, b)) ·
′
c)
= α2W (αW (w ·
′
µ
′
(b, c)) ·
′
α(a)) + α2W (αW (w ·
′
µ
′
(c, a)) ·
′
α(b))
+ α2W (αW (w ·
′
µ
′
(a, b)) ·
′
α(c))
= αW (α
2
W (w ·
′
µ
′
(b, c)) ·
′
α2(a)) + αW (α
2
W (w ·
′
µ
′
(c, a)) ·
′
α2(b))
+ αW (α
2
W (w ·
′
µ
′
(a, b)) ·
′
α2(c))
= α2W (w ·
′
µ
′
(b, c)) · α2(a) + α2W (w ·
′
µ
′
(c, a)) · α2(b) + α2W (w ·
′
µ
′
(a, b)) · α2(c)
= αW (αW (w) ·
′
α(µ
′
(b, c))) · α2(a) + αW (αW (w) ·
′
α(µ
′
(c, a))) · α2(b)
+ αW (αW (w) ·
′
α(µ
′
(a, b))) · α2(c)
= (αW (w) · µ(b, c)) · α
2(a) + (αW (w) · µ(c, a)) · α
2(b) + (αW (w) · µ(a, b)) · α
2(c).
αW (w · a) · α(µ(b, c)) + αW (w · b) · α(µ(c, a)) + αW (w · c) · α(µ(a, b))
= α3W ((w ·
′
a) ·
′
µ
′
(b, c) + (w ·
′
b) ·
′
µ
′
(c, a) + (w ·
′
c) ·
′
µ
′
(a, b))
= α3W (((w ·
′
a) ·
′
b) ·
′
c+ ((w ·
′
c) ·
′
b) ·
′
a + µ
′
(µ
′
(a, c), b) ·
′
w)
= α2W (αW ((w ·
′
a) ·
′
b) ·
′
α(c)) + α2W (αW ((w ·
′
c) ·
′
b) ·
′
α(a))
+ α2W (α(µ
′
(µ
′
(a, c), b)) ·
′
αW (w))
= αW (α
2
W ((w ·
′
a) ·
′
b) ·
′
α2(c)) + αW (α
2
W ((w ·
′
c) ·
′
b) ·
′
α2(a))
+ αW (α
2(µ
′
(µ
′
(a, c), b)) ·
′
α2W (w))
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= α2W ((w ·
′
a) ·
′
b) · α2(c) + α2W ((w ·
′
c) ·
′
b) · α2(a) + α2(µ
′
(µ
′
(a, c), b)) · α2W (w)
= αW (αW (w ·
′
a) ·
′
α(b)) · α2(c) + αW (αW (w ·
′
c) ·
′
α(b)) · α2(a)
+ α(µ
′
(α(µ
′
(a, c)), α(b))) · α2W (w)
= ((w · a) · α(b)) · α2(c) + ((w · c) · α(b)) · α2(a) + µ(µ(a, c), α(b)) · α2W (w).
Therefore, (W,αW ) is a V -bimodule of (V, µ, α).
Definition 5.4. For a bimodule (W,αW ) of a Hom-Jordan algebra (V, µ, α), if a subspace
W0 ⊆ W satisfies that ρl(a ⊗ w) ∈ W0 for any a ∈ V , w ∈ W0 and αW (W0) ⊆ W0, then
(W0, αW |W0) is called a V -submodule of (W,αW ).
A bimodule (W,αW ) of a Hom-Jordan algebra (V, µ, α) is called irreducible, if it has
precisely two V -submodules (itself and 0) and it is called completely reducible if W =
W1 ⊕W2 ⊕ · · · ⊕Ws, where (Wi, αW |Wi) are irreducible V -submodules.
Proposition 5.5. Suppose that (W,αW ) is a bimodule of multiplicative simple Hom-
Jordan algebra (V, µ, α) with αW (a · w) = α(a) · αW (w) for all a ∈ V , w ∈ W . Then,
Ker(αW ), Im(αW ) are submodules of W for (V, µ, α). Moreover, we have an isomorphism
of (V, µ, α)-modules αW : W/Ker(αW )→ Im(αW ).
Proof. For any w ∈ Ker(αW ), we have
αW (a · w) = α(a) · αW (w) = 0, ∀a ∈ V,
which implies that a · w ∈ Ker(αW ). Obviously, αW (Ker(αW )) ⊆ Ker(αW ). Therefore,
Ker(αW ) is a submodule of W for (V, µ, α).
For any w ∈ Im(αW ), a ∈ V , there exists u ∈ W , a˜ ∈ V such that w = αW (u),
a = α(a˜). Then
a · w = α(a˜) · αW (u) = αW (a˜ · u) ∈ Im(αW ),
it’s obvious that αW (Im(αW )) ⊆ Im(αW ). So Im(αW ) is a submodule of W for (V, µ, α).
Define αW : W/Ker(αW ) → Im(αW ) by αW (w¯) = αW (w). It’s easy to verify that
αW is an isomorphism.
Corollary 5.6. If (W,αW ) is a irreducible bimodule of multiplicative simple Hom-Jordan
algebra (V, µ, α) with αW (a · w) = α(a) · αW (w) for all a ∈ V , w ∈ W . Then αW is
invertible.
Proposition 5.7. Suppose that (V, µ, α) is a multiplicative simple Hom-Jordan algebra
and (W,αW ) is a bimodule with αW (a·w) = α(a)·αW (w) for all a ∈ V , w ∈ W . Moreover,
αW is invertible. If W is an irreducible module of the induced Jordan algebra (V, µ
′
) with
two compositions w ·
′
a = α−1W (w · a), a ·
′
w = α−1W (a · w) for all a ∈ V , w ∈ W , then
(W,αW ) is an irreducible bimodule of (V, µ, α).
Proof. Assume that (W,αW ) is reducible. Then there exists W0 6= {0W} a subspace
of W such that (W0, αW |W0) is a submodule of (W,αW ). That is αW (W0) ⊆ W0 and
a ·w ∈ W0, for any a ∈ V , w ∈ W0. Hence, a ·
′
w = α−1W (a ·w) ∈ α
−1
W (W0) = W0. So W0 is
a non trivial submodule of W for (V, µ
′
), contradiction. Hence, (W,αW ) is an irreducible
bimodule of (V, µ, α).
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